Automorphisms of elementary adjoint Chevalley groups 
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Abstract. 

In this paper we prove that every automorphism of and elementary adjoint Chevalley group 
of types Ai,Di, or Ei, over local commutative ring with 1/2 is a composition of a ring automor- 
phism and conjugation by some matrix from the normalizer of the Chevalley group in GL {V) 
(y is the adjoint representation space). 

Introduction 

Let G ad be a Chevalley-Demazure group scheme associated with an irreducible root system $ 
of type Ai (/ > 2), Di (l > 4), Ei {I = 6,7,8); Gad("J>,-R) be a set of points Gad with values 
in a commutative ring R; Ei^d{^,R) be the elementary subgroup of Gad('^',-R), where is a 
commutative ring with 1. In this paper we describe automorphisms of groups Es,d{^,R) over 
local commutative rings with 1/2. 

Similar results for Chevalley groups over fields were proved by R. Steinberg [IS] for finite 
case and by J. Humphreys [M] for infinite case. Many papers were devoted to description of 
automorphisms of Chevalley groups over different commutative rings, we can mention here the 
papers of Borel-Tits [lOj, Carter-Chen Yu [14J, Chen Yu [I5]-[T9]. E.Abe [1] proved that 
automorphisms are standard for Noetherian rings, it could completely close the question about 
automorphisms of Chevalley groups over arbitrary commutative rings (for the case of systems of 
rank > 2 and rings with 1/2), but in consideration of adjoint elementary groups in the paper [il 
there is a mistake, that can not be corrected by methods of this paper. Namely, in the proof 
of Lemma 11 the author uses the fact that ad (xq,)^ = for all long roots, but it is not true in 
the adjoint representation. The main problem here is the case of groups of type Eg, since in all 
other cases Chevalley groups have a representation with the property ad (xq,)^ = for all long 
roots, but in the case Es there are no such representations. 

In the given paper we consider also this case Eq, and it can help to close the question about 
automorphisms of Chevalley groups over commutative rings with 1/2. 

We generalize some methods of V.M. Petechuk [JT] to prove the main theorem. 

Note that we consider the cases Ai, Di, Ei, but the case Ai was completely studied by the 
papers of W.C. Waterhouse [HI], V.M. Petechuk Fuan Li and Zunxian Li [37], and also 
for rings without 1/2. The paper of I.Z. Golubchik and A.V. Mikhalev [29] covers the case G;, 
that is not considered in the present paper. 



■^The work is supported by the Russian President grant MK-2530. 2008.1 and by the grant of Russian Fond 
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1. Definitions and formulation of the main theorem 

We fix a root system $, that has one of types Ai (/ > 2), Di (/ > 4), or Ei {I = 6, 7, 8), with 
the system of simple roots A, the set of positive (negative) roots {^~), the Weil group W. 
Recall that in our case any two roots are conjugate under the action of the Weil group. Let 
|$+| = m. More detailed texts about root systems and their properties can be found in the 
books [35], [12]. 

Suppose now that we have a semisimple complex Lie algebra C with the Cartan subalgebra 7i 
(more details about semisimple Lie algebras can be found in the book [35j). 
Lie algebra £ has a decomposition £ = © ^ £„, 

Ca '■= {x ^ C \ [h, x] = a{h)x for every h E H}, 

and if Ca 7^ 0, then dim Ca = 1, all nonzero a eH such that 7^ 0, form some root system $. 
The root system $ and the semisimple Lie algebra C over C uniquely (up to automorphism) 
define each other. 

On the Lie algebra C we can introduce a bilinear Killing form >c{x, y) = tr ( a.dx ady), that 
is non-degenerated on H. Therefore we can identify the spaces H and TC*. 

We can choose a basis {hi, . . . , hi} in H and for every a G $ elements Xa E Ca so that 
{hi;Xa} is a basis in C and for every two elements of this basis their commutator is an integral 
linear combination of the elements of the same basis. This basis is called a Chevalley basis. 

Introduce now elementary Chevalley groups (see [17]). 

Let £ be a semisimple Lie algebra (over C) with a root system $, vr : £ ^ sK^) be its 
finitely dimensional faithful representation (of dimension n). If ?i is a Cartan subalgebra of £, 
then a functional A E Ti* is called a weight of a given representation, if there exists a nonzero 
vector V eV (that is called a weight vector) such that for any h ElH. TT{h)v = X{h)v. 

In the space V in the Chevalley basis all operators 7!'{xa)''/k\ for k eN are written as integral 
(nilpotent) matrices. An integral matrix also can be considered as a matrix over an arbitrary 
commutative ring with 1. Let R be such a ring. Consider matrices n x n over R, matrices 
'n{xa)''/k\ for a e /c e N are included in M„(i?). 

Now consider automorphisms of the free module i?" of the form 

exp{tXa) =Xa{t) = 1+ t7r{Xa) + )f:V(x„)V2 H h t'^Tl^Xaf /k\ + ... 

Since all matrices TT{xa) are nilpotent, we have that this series is finite. Automorphisms Xa{t) 
are called elementary root elements. The subgroup in Aut (i?"), generated by all Xo,{t), a G 
t E R, is called an elementary Chevalley group (notation: i?^($,i?)). 

In elementary Chevalley group we can introduce the following important elements and sub- 
groups: 

Wa{t) = Xait)X-a{-t^^)Xa(t) , a E ^, t E R*] 

— ha(t) = Wa{t)Wa{l)~'^] 

— is generated by all Wa(t), a E ^, t E R*; 
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— H is generated by all ha{t), a E ^, t E R*; 

The action of Xait) on the Chevalley basis is described in [13], [57] . 

It is known that the group is a normahzer of H in elementary Chevalley group, the quotient 
group N/H is isomorphic to the Weil group W{^). 

All weights of a given representation (by addition) generate a lattice (free Abelian group, 
where every Z-basis is also a C-basis in Ti.*), that is called the weight lattice A,r- 

Elementary Chevalley groups are defined not even by a representation of the Chevalley 
groups, but just by its weight lattice. Namely, up to an abstract isomorphism an elemen- 
tary Chevalley group is completely defined by a root system $, a commutative ring R with 1 
and a weight lattice A^^. 

Among all lattices we can mark two: the lattice corresponding to the adjoint representation, 
it is generated by all roots (the root lattice Aad) and the lattice generated by all weights of 
all reperesentations (the lattice of weights A^^) • For every faithful reperesentation tt we have 
the inclusion A^^ C A^ C Age- Respectively, we have the adjoint and universal elementary 
Chevalley groups. In this paper we study adjoint elementary Chevalley groups. 

Every elementary Chevalley group satisfies the following conditions: 

(Rl) Va e $ Vt, M e -R Xa{t)Xa{u) = Xa{t + U)] 

(R2) Va,^ G $ Vt,u G i? a + (3y^0^ 

[Xait),Xf3{u)] = Xa{t)Xf3{u)Xai-t)Xf3{-u) = Y\_Xia+jf3{Cijfu^), 

where i,j are integers, product is taken by all roots ia + replacing in some fixed order; Cij 
are integer numbers not depending of t and u, but depending of a and /? and of order of roots 
in the product. In the cases under consideration always 

[Xait),Xi3{u)] = Xa+I3i±tu). 

(R3) Va e $ = Wa{l); 

(R4) Va,/3 e $ Vt G R* w^hp{t)w-^ = /i»,(/3)(t); 

(R5) \/a,P G $ Vt G -R* WaXi3(t)w~^ = Xu,„{i3){ct), where c = c(q;,/5) = ±1; 
(R6) Va,/3 G $ Vt G i?* Vu G h^{t)xfi{u)ho,{t)-^ = a;^(t<^'">u). 
By Xa we denote the subgroup consisting of all Xa(t) for t E R. 

We will need two types of automorphisms of elementary Chevalley groups i?ad (^; R)- 
Ring automorphisms. Let p : i? — > i? be an automorphism of R. The mapping x t— > p{x) 

from i^^ad R) onto itself is an automorphism of the group £'ad R), tha is denoted by the 

same letter p and is called a ring automorphism of the group G.^{^, R). Note that for all a G $ 

and t G -R an element Xa(t) is mapped into Xa{p(t)). 

Automorphisms-conjugations. Let be a reprepresentation space of the group i?ad ($, R), 

C G GL iy) be some matrix that does not move our Chevalley group: 

CE^a{^,R)C'^ = E^^{PM,R). 

Then the mapping x ^ CxC^^ from Et^{(^, R) onto itself is an automorphism of the Chevalley 
group, that is denoted by i and is called an automorphism- conjugation of the group E{R), 
induced by the element C of GL {V). 
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Theorem 1. Let £'ad('^';-R) be an elementary Chevalley group with an irreducible root 
system of type Ai {I > 2), Di {I > A), or Ei (/ = 6,7,8), R be a commutative local ring 
with 1/2. Then every automorphism of Es,d{^,R) is a composition of a ring automorphism 
and an automorphism- conjugation. 

Next sections are devoted to the proof of Theorem 1. 

2. Replacing the initial automorphism to the special one. 

From this section we suppose that i? is a local ring with 1/2, the Chevalley group is adjoint, 
in this section root system is arbitrary. In this section we use some reasonings from [41j . 

Let J be the maximal ideal (radical) of R, k the residue field R/ J. Then Ej = Ead{^, R, J) 
is the greatest normal proper subgroup of i?ad ('^'5 R) (see 0). Therefore, Ej is invariant under 
the action of (p. 

By this reason the automorphism 

<f : ($, R) ^ E^d ($, R) 

induces an automorphism 

Tp : Ead ($, R)/Ej = Ead ($, k) Ead ($, k) . 

The group E'ad k) is a Chevalley group over field, therefore the automorphism Tp is standard 
(see [3Z1), i-e. it has the form 

^=%p, iV(Ead($,A;)), 

where p is a ring automorphism, induced by some automorphism of k. 

It is clear that there exists a matrix g G GLn{R) such that its image under factorization R 
by J coincides with g. We are not sure that g G iV(E'ad ($, -R))- 

Consider a mapping ip' = ig~\ip. It is an isomorphism of the group Ead{^,R) C GLn{R) 
onto some subgroup in GLn{R), with the property that its image under factorization R hj J 
coincides with the automorphism p. 

These arguments prove 

Proposition 1. Every matrix A G -Ead R) with elements from the subring R' of R, generated 
by unit, is mapped under the action of ip' to some matrix from the set 

A - GL„(i?, J) = {Be GL „,(/?) \A-B e M^{J)}. 

Let a G Ead{^,R), 0? = 1. Then the element e = |(1 + a) is an idempotent in the ring 
Mn{R). This idempotent e defines a decomposition of the free i?-module V = i?": 

V = eV®{l-e)V = Vo® Vi 

(the modules Vq, Vi are free, since every projective module over local field is free [39]). Let 
= V"o © V"i be decomposition of the fc-module V with respect to a, and e = |(1 + a). 
Then we have 

Proposition 2. The modules (subspaces) Vq, Vi are images of the modules Vq, Vi under 
factorization by J. 
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Proof. Let us denote the images of Vq, Vi under factorization by J by Vq, Vi, respectively. Since 
Vq = {x E V\ex = x}, Vi = {x E V\ex = 0}, we have e(x) = |(1 + a)(x) = ^(1 + a(x)) = 

1(1 + ^) = Then Vo C Fq, Vi C Vi. 

Let X = Xq + Xi, Xq G Vq, Xi G Vi. Then e{x) = e(xo) + e(xi) = xq. If x G Vq, then 

X = Xo. □ 

Let b = <f'{a). Then 6^ = 1 and b is equivalent to a modulo J. 

Proposition 3. Suppose that a,b E = b"^ = 1, a is a matrix with elements from 

the subring of R, generated by the unit, b and a are equivalent modulo J , V = Vq (B Vi is a 
decomposition of V with respect to a, V = Vq © V-[ is a decomposition of V with respect to b. 
Then dim Vq = dim Vq, dim V( = dim Vi . 

Proof. We have an i?-basis of the module V {ci, . . . , e„} such that {ei, . . . , Ck} C Vq, {ck+i, ■ ■ ■ , e„} C 
Vi. It is clear that 

n n 
dCi CLCi ^ ^ij^j) ^ ^ ^ij^j' 

Let V = VqQ)Vi, V = V'q®V'i are decompositions of /c-module (space) V with respect to a and 
b. It is clear that Vq = Vq, Vi = V^. Therefore, by Proposition [2] the images of the modules 
Vo and Vq, Vi and V{ under factorization by J coincide. Let us take such {/i, . . . , fk} C Vq, 
{/fc+i; • • • ; /«} C V{ that /j = Ci, i = l,...,n. Since the matrix of transformation from 
{ei,...,e„} to {fi,...,fn} is invertible (it is equivalent to the identical matrix modulo J) 
we have that {/i, . . . , /„} is a _R-basis in V^. It is clear that {fi,...,fk} is a i?-basis in Vq, 
{vk+i, . . . , Vn} is a i?-basis in V^. □ 



3. Images of 

We consider some fixed adjoint Chevalley group E = Ead{^, R) with the root system Ai 
(Z > 2), Di {I > 4), Eq, Ej or Es, its adjoint representation in the group GLn{R) {n = I + 2m, 
where m is the number of positive roots of $), with the basis of weight vectors vi = Xai, f_i = 
X-ai, ■ ■ ■ ,Vn = Xa„,v_n = ^-a^, Vi = Hi, . . . ,Vi = Hi, Corresponding to the Chevalley basis of 
the system $. 

We also have the isomorphism (f', described in Section 2. 

Consider the matrices /iqj(— 1), . . . , /iq,, (— 1) in our basis. They have the form 

/ia,(-l) = diag [±1, . . . , ±1, V^^^^, 

on (2j — l)-th and (2j)-th places we have —1 if and only if (oj, Oj) = —1. As we see, for all i 

According to Proposition [3] we know that every matrix hi = ip"{haX~^)) some basis is 
diagonal with ±1 on the diagonal, and the number of 1 and —1 coincides with its number for 
the matrix hon{—l). Since all matrices hi commutes, there exists a basis, where all hi have the 
same form as /i^. (— 1). Suppose that we come to this basis with the help of the matrix gi. It is 
clear that gi G GLn{R, J). Consider the mapping (pi = ij^<p'- It is also an isomorphism of the 
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group E onto some subgroup of GLn{R) such that its image under factorization by J is p, 
and ipi{hai{—l)) = /ia.(— 1) for alH = 1, . . . , L 
Let us consider the isomorphism (pi. 

Matrices ha^{a) = diag[ai,l/ai,a2,l/a2, ■ ■ ■ ,am,^/cimA, ■ ■ ■ A] commute with all 1), 
therefore their images under the isomorphism (pi also commute with all hai{—l)- Thus, these 
images have the form 



/Ci 

C2 



V 



0\ 



Cn 

cj 



a 



p{ai 








mod J, C e GL i{R, J). 



Every element Wi = Wai(l) maps (by conjugation) diagonal matrices into diagonal ones, so 
its image has block-monomial form. 

Prom (fii{wi) = Wi mod J it follows that blocks of (fii{wi) are in the same places as blocks 

of w,. 

Consider the first vector of the basis obtained after the last change. Let us denote it by e. 
The Weil group W transitively acts on all roots, therefore for every root aj there exists such 
^{"<) g \Y that w^^'^ai = a^. Consider now the basis ei, . . . , e2m, &2m+ii ■ ■ ■ , &2m+h where ei = e, 

= </?i(w'^"'-*)e; for 2m < i < 2m + 1 is not changed. It is clear that the matrix of this basis 
change is equivalent to 1 modulo J. Therefore the obtained set of vectors is a basis. 

It is clear that the matrix (pi{wi) (i = 1, ...,/) in the part of basis {ei, . . . , e2m} coincides 
with the matrix Wi in the initial basis of weight vectors. Since 1) are squares of u»i, then 
their images also are not changed in the new basis. 

Besides that, we know that ipi{w,i) is block-diagonal up to the first 2m and last / elements. 
Therefore, the last basis part, consisting of / elements, can be changed independently. 

Let us denote matrices Wi and v?i(u'j) on this part of basis by Wi and respectively. All 

these matrices are involutions, they have only one —1 in their diagonal forms. Let V = Vq® 
be decomposition of the matrix (pi{wi). 

Lemma 1. Matrices (pi{wi) and ipi{wj), where i 7^ j, commute if and only if C Vq and 

Proof. If ipi{wi) and </'i(wj) commute, then the (free one-dimensional) submodule is proper 
for ipi{wj) and the (free one-dimensional) submodule is proper for ipi{wi). Therefore either 
Vl C Vi or Vl C. V^. If Vi C then Vl = ¥(. Since the module is invariant for ^i{wj), 
we have V^* C V^"', therefore V^* = V5', and so (pi{wi) — (pi{wj) and we come to contradiction. 
Consequently, C , and similarly cVq. □ 



Lemma 2. For any root system $ there exists such a basis in V that the matrix ipi{wi) in this 
basis has the same form as wi, i.e. is equal to 





1 








1 











El-2 



Proof. Since wi is an involution and has dimension 1, there exists a basis {ei,e2, ... ,6/} 
where ^i(wi) has the form diag[—l, !,...,!]. In the basis {ei, 62 — l/2ei, 63, ... , ci} the matrix 
(fi{wi) has the obtained form. □ 

Lemma 3. For the root system A2 there exists such a basis that !fi{wi) and ^1(^2) in this 
basis have the same form as Wi and W2, i.e. are equal to 

^0 l) i^l -1 

respectively. 

Proof. By Lemma [2] we can find a basis in V such that the matrix (fi{wi) in this basis has the 
same form as Wi. Let the matrix (fi{w2) in this basis be 

a b 
c d 

Let us make the basis change with the help of the matrix 

c (l-c)/2 
1 

Under this basis change the matrix ^i(wi) remains the same form, and the matrix <fi{w2] 
becomes 

a' b' 
1 d' 

As this matrix is an involution, we have a' + d' = 0, a'^ + b' = 1. So we obtain d' = —a'. Now 
let us use the condition 

-1 A fa' b' \ V fa' b' \ f-1 1 



ly -a' J J \1 -a' J \0 1 

This condition gives (its second line and first row) 1 — 2a' = —1, therefore a' = 1. From 
a'2 + 6' = 1 it follows b' = 0. □ 

Lemma 4. For every root system ^ ^ A2 we can choose a basis in V such that the matrices 
(pi{wi) and ifi{w2) in this basis have the same form as Wi and W2, respectively. 

Proof. The intersection of modules V^^ and Vq is a free module of dimension > / — 3. Therefore 
we can suppose that ^1(1^1) and ^1(^2) have the form ( * j . Moreover, by Lemma [2] we 
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can suppose that Lpi{wi) has the same form as wi. Wc can consider not the whole module V, 
but its limitation to the first three basis vectors. Let 



(fii{wi) 

Taking basis change with the matrix 



ai 


a2 


as 


bi 


b2 


bs 


Cl 


C2 


cs 




we do not change (fi{wi), but (fii{w2) becomes 



Now we will use the same conditions as in the previous lemma. The first is ^1(^2)^ — 1 = 
(Cond. 1) and the second is {(pi{wi)(pi{w2))'^ — i^i{w2)(pi{wi) = (Cond. 2). If we subtract 
Condition 1 from Condition 2 we obtain (line 2, row 1) a[ = 1, (line 2, row 2) a2 = 0, then 
from Cond. 1, hne 1, row 3, we obtain a3(l + C3) = 0. As C3 = 1 mod J, we have Og = 0. The 
same condition, line 2, row 3, gives b'^{b2 + Cg) = 0, as 63 G R*, we have C3 = —fog- 
Again taking basis change, but with the matrix 




we do not change ipi{wi), but (pi{w2) becomes 

^i(u'i) = 



h" 



Then directly from Cond. 



1 we obtain 62 



-1, c'' 



0, and the last basis change with the 



matrix diag[l, 1, 63] makes the obtained forms of (pi{wi) and (pi{w2)- 

Lemma 5. For the root system there exists such a basis that ipi{wi), ipi{w2), <fi 
(pi{w4) in this basis have the same forms as Wi, W2, W3, and w^, i.e. are equal to 



□ 

[ws) and 



/-I 






1 
1 






o\ 






/I 
1 







-1 






o\ 
1 





/I 












o\ 



1 

ly 



and 



(\ 








1 






\ 




-V 



respectively. 



Proof. We take such a basis that ipi{wi), ipi{ws), ^i{wi) have the same form as the initial 
wi, ws, Wi- We can do it because wi, ws, W4 are commuting involutions, there exists a basis 
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where (pi{wi), (pi{w3), (pi{w4) have the forms diag[—l, 1, 1, 1], diag[l, 1, —1, 1], diag[l, 1, 1, — 1], 
respectively. Then, conjugating them by the matrix 

/l -1/2 Q\ 
10 
-1/2 1 
\0 -1/2 Ij 

we come to the obtained basis. Now let us look for 1^1(^2). We have the following conditions: 
W2 = l (Cond. 1), {wiW2y — W2W1 (Cond. 2), {w3W2y — 'W2W3 (Cond. 3), {w4W2)^ — W2'5^4 
(Cond. 4). Let 



Vl[W2) 

Taking basis change with the matrix 

/I 





/ 0-1 

bi 

Cl 



a2 
b2 

C2 
d2 




1 


di 



2di-hi 






1 





03 

h 

C3 









C4 
dij 



we do not change (pi{w]), (pi{w^), (pi{w^, but ^i{w2) becomes 



hi 

Cl 



02 

^2 



03 
&3 
C3 
^3 



C4 

d^j 



(we do not write primes for simplicity). 

Now from the 4-th hne of (Cond. 1— Cond. 2) it follows ^2 = c^3 = 0, ^4 = 1. 

Line 2, row 4 of (Condition 1 — Condition 4) gives 64(64 — 1) = 0. Since 64 e R*, we have 
64 = 1. 

Now, taking basis change with the matrix 



/ 



hi 



63-203 





"3 



2a3- 



V 









1 







1 







V 



we do not change </7i(u'i), ipi{w^), (pi{w4), but (pi{w2) becomes 



h 

Cl 



02 
62 

C2 







C3 




04 \ 
1 

C4 
1/ 



(again we do not write primes for simplicity). 
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Then line 1, row 3 of Cond. 1 gives 02^3 = ^ 02 = 0, line 1, row 1 of Cond. 1 gives 
= 1 ^ Oi = 1, line 1, row 4 gives 204 = ^ 04 = 0. Line 2, row 4 of Cond. 1— Cond. 2 
gives 61 = 1, line 3, row 4 gives C4 = Ci. Line 2, row 3 of Cond.l gives C3 = —62- 
Finally, taking basis change with the matrix 



al 



we do not change ipiiwi), ({)i{w-i) 



(\ 



^1(^4) 

/I 

1 





1 

2 

















but '^xiyj'i) becomes 





h' 

^2 





1 



J 



After that line 2, row 3 of Cond. 3 gives h'2 



: 0. □ 



1 

J2 = —1, and then Cond. 1 gives c[ = c'2 

Lemma 6. Suppose that we have some root system $ and elements ipi{wi^) = Wi^,. 
Wi^, and also (^i{wij_^-^) , where one of the following cases holds: 

a) ^ = Al, I > 3, ii = 1, 12 = 2,. . . , ik = k, ik+i = k + 1, k + 1 < I; 

b) = Di, I > A, ii = I, i2 = I - I, h = I - 2, . . . , ik = I - k + 1, ik+i = I - k, A < k < I; 
cj $ = Eq, E-r or Eg, ii = I, 12 = 2,.^. , ik = k, i^+i = k + I, A < k < I - I. 

Then we can choose such a basis ofV that = Wi-^,. . . , = m 

Proof. In all these cases ipi{wi^_^^) commutes with all ipi{wi^) = Wi^,. . . 



therefore (see Lemma [T]) for all j 



Ak-i VI C . Since V^' 



I'k-i _ 



m 



(cj^, . . . , ejj,_-^), we infer that {pi{wi^^^) is identical on the first k — 1 basic vectors. As 
Lemma m we obtain that 1^1 (wj^^ J is identical on the last I — k — 2 basic vectors. Therefore we 
can limit ipiiwi^^^) for the part of basis {6^,6^+1,6^+2} (without loss of generality). Now the 
proof is completely the same as in Lemma HI □ 

Proposition 4. For every root system ^ = Ai, Di, Ei we can choose a basis in V such that the 
matrices (pi{wi),. . . , (pi{wi) in this basis have the same form as Wi,. . . , wi, respectively. 

Proof. If we have the system A2, we can use Lemma [31 If $ = A;, / > 3, then we apply 
Lemma HI after that Lemma 0^ — 3 times, and finally the same arguments as in Lemma [3] for 
the element ipi{wi). 

If $ = then we apply Lemma [5] to the roots a;-3, then Lemma [6] Z — 5 times to 
the roots ai_4, . . . , 02, and finally the same arguments as in Lemma [3] for the element ^i(wi). 

If $ = El, then we apply Lemma [5] to the roots 02, . . . , 05, then Lemma [6] to the roots 
ct6, . . . , a^-i, and finally the same arguments as in Lemma [3] for the elements ^i(wi) and 
^i{wi). □ 

Therefore, we can now consider the isomorphism with all properties of 921, and such that 
Viiwi) = Wi for alH = 1, . . . , /. 

We suppose that we have the isomorphism ip2 with these properties. 
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4. The images of and diagonal matrices. 

Now we are interested in the images of Xa^(t). Let (/92(xo,^(l)) = Xi. Since Xi commutes with 
all hon{ — l), i = 1,3, . . . ,/, we have that Xi is separated to the blocks of the following form: 
blocks 2x2 are corresponded to the part of basis {vi, v^i}, where i > 1 and (oj, ai) 7^ 0; blocks 
4x4 are corresponded to the part of basis {vi, v^i, Vj, v^j}, where i > 1, ai — aj ± ai, and we 
also have the part {vi,v^i, Vi, . . . , Vi}. 

For ha^i—i) we know that ha2{—^)xiha2{—i) = Xi^. Then, on the blocks 2x2, described 
above if Xi has the form 




then this matrix to the second power is 1, therefore a'^ + bc — (P + bc = 1, b{a + d) = c(a + d) — 0. 
Since a -\- d = 2 mod J . wc have a + d & R* , i.e. b = c = 0. Since = d^ = 1 and a,d = 1 
mod J, we have a = d = 1. Thus, on the blocks 2x2 the matrix Xi is always 1 (i.e. it coincides 
with Xai(t) on these blocks), so we can now not to consider these basis elements. 
Now let us use the conditions WiXiw^^ = Xi for i > 3. 

At first, all blocks 4x4 has the same form, since every two such blocks are conjugate up to 
the action of Wi, i >3. 

The conditions WiXiW~^ = Xi for i > 3 for the rest of the basis together with the condition 
h2Xih2^ = Xi^ say that the matrix on the basis subset {vi.v^i, Vi, V2, V3, . . . , Vi} has the form 





* 


* 


* 


.. 


• °^ 


* 


* 


* 


* 


.. 


. 


* 


* 


* 


* 


.. 


. 


* 


* 


* 


* 


.. 


. 


* 


* 


* 


* 


1 .. 


. 


I* 


* 


* 


* 


.. 


. 1/ 



and all lines 5, . . . , / are expressed via the fourth line. According to the zero corner of this 
matrix we can restrict the conditions to its left upper submatrix 4x4. 
Suppose that on this part of the basis the matrix xi has the form 

^ tti a2 03 04^ 
bi 62 ^'3 h 

Ci C2 C3 C4 ' 

\di d2 ds d4:J 

and on the part of basis V2, V-2, '^'1+2, '^'-1-2 it has the form 

^ei 62 63 64^ 
fi /2 fs /4 

gi 92 93 9a 

\hl /l2 /i3 /i4/ 

We will consider the part of basis {vi, v^i, V2, V-2, f 1+2, '^'-1-2, Vi, V2}. 
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Taking basis change with the block- diagonal matrix, that has the form 




on every block {vi, (it is possible, because 64 e J), and is identical on the block {Vi, . . . , Vi}, 
we do not change the elements Wi, hi, and Xi now has 64 = 0. So we can suppose that the 
isomorphism is such that Lp2{xai{l)) has 64 = 0. 

Then we make the basis change with the help of diagonal matrix, having the form ^ • E 
on the part {vi,V-i, . . . , Vm, V-m}, and being identical on the part {Vi, . . . , Vi}. Similarly, all 
elements Wi, hi are not changed, and 04 is now equal to 1. 

So we suppose that Lp2{xa-i^{l)) has 64 = and 04 = 1. 

On the part of basis under consideration 
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ei 
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64 




















Xi = 














/i 
9i 


/2 
92 


fs 

93 


u 

9a 






































hi 


h2 


hs 


/14 






























Cl 
















C3 C4 








































da dj 











where oi, &2, ci, /2, /i, 513, /i4, C2, C3, ^4 = 1 mod J, 02,511 = —1 mod J, 03 = —2 mod J, all 
other entries are in J. 
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Then 



Xi+2 = V?2(a;ai+a2(l)) = W2X1W2 





Qa 















\ 


hs 




h2 


hi 














fs 


h 


/2 


fi 














63 


64 


62 


ei 


























ttl 


02 


1 + 03 


-1 














hi 


62 


h 

















Cl 


C2 


C3 + C4 


-C4 













Cl - di 


C2 — d2 


C3 - + C4 - di 


-C4 + (^4/ 



and 



X2 = ip2{Xa2{'^)) = ^^1X1+2^^1 ^ 



//l4 


/l3 








h2 









9\ 


(/a 








92 


^1 














Oi 


02 








-1 - as 


03 








61 


&2 








-63 




/4 


h 








/2 


fl 








64 


63 








62 


ei 














—di 


-d2 








(i3 + d4 


-ds 


Vo 





Cl - (ii 


C2 - d2 








-C3 + (i3 - C4 + (i4 


C3 - dsJ 



We will use the following conditions: 



Conl := (2;ij;i+2 — 3^1+23:^1 = 0), Con2 := {h2Xih2Xi — 1 = 0). 



Position (3,8) of Conl gives /s = —63, position (2,8) of Conl gives — — 63C4, position (2,8) of 
Con2 gives bi = b^C4^, therefore hy, = —bi. Prom position (1,1) of Conl we have 61(02 + g^) — 0, 
therefore 61 = 0, since a2 + g4_ E R* . 
Now we introduce two more conditions: 



Con3 := (xiWi^iwl ^ — wih2Xih2 = 0), Con4 := {x2Xi — xi+2a;iX2 = 0). 



Denote yi = 04 - 1, 1/2 = ^2 + 1, 1/3 = ^3 + 2, ^4 = 62 - 1, ?/5 = bs, Vq = ciaj^ = C2 - l,ys = 

C3 - 1,1/9 = C4,l/io = di,yii = d2,yi2 = 4,1/13 = 4 - 1,1/14 = Ci - 1,1/15 = 62,1/16 = 63, 
yi7 = 64, yi8 = fl, yi9 = /2 - 1, 2/20 = /4 - 1, 2/21 = 5'1 + 1, 2/22 = 92, 2/23 = 5-3-1, |/24 = 94, 2/25 = 

^1, 2/26 = ^2, 2/27 = /i4 — 1. All these yi are in J. Prom the Conditions 1-4 we have the following 
27 equations (that are linear with respect to yi): 
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l/23(-a.2) + 1/24(01 - ^2) + y27a'2 = 0, 


Conl, 


pes. 


(1,2) 


yisi-gi) + 1/22(0.1 - ei) + 1/26(02) = 0, 


Conl, 


pes. 


(1,3) 


1/ifi'i + yi5{-92) + yi9{-9i) + 1/2502 = 0, 


Conl, 


pes. 


(1,4) 


1/6(03 + 1) + l/lo(-l) + 1/I6(fi'l + fl'2) = 0, 


Conl, 


pes. 


(1,5) 


1/3(C2) + l/7(-l) + l/ll(-l) + 1/20 + l/2l(-/4) + l/22(-e4) = 0, 


Conl, 


pos. 


(1,6) 


1/3(C3 + C4 - 5-3) + l/8(-l) + l/9(-l) + 1/13(-1) + 1/14(-1) + 1/232 + 








+ l/24(-&3) = 0, 


Conl, 


pos. 


(1,7) 


|/9(-a3 - 1) + 1/13 + l/23(-l) = 0, 


Conl, 


pos. 


(1,8) 


I/5C2 + l/25(-/4) + l/26(-e4) = 0, 


Conl, 


pos. 


(2,6) 


I/I6O2 + 1/17(^2 - /2) + l/l8(-/4) = 0, 


Conl, 


pos. 


(3,6) 


1/5(64 - fi) + 1/16(1 + 203) = 0, 


Conl, 


pos. 


(3,7) 


1/15(^/1/4 - /2e3) + yi6(0l - a2 + Oi/l2 + /1/2 - /2) + 1/22(6302 - /4&2) = 0, 


Con4, 


pos. 


(3,5) 


1/10(-C^3 - C?4) + 1/11(01 + 1) + I/12C1 = 0, 


Con3, 


pos. 


(8,2) 


l/l(-l) + 1/2(01 + 62) + l/3(-C2) + l/4(-l) + 1/72 + l/ll(-l) = 0, 


Con2, 


pos. 


(1,2) 


l/5(-C25'3) + 1/16(^2 - ^2/^4) + I/17O2 = 0, 


Con4, 


pos. 


(6,2) 


1/145-3 + 1/16(64 - 63) + 1/21 + 1/23 = 0, 


Con3, 


pos. 


(3,3) 


l/4(&2 + l)+l/5(-C2) =0, 


Con2, 


pos. 


(2,2) 


1/14(61 + 1) + 1/15/1 + l/i6(-5'i) + Vni-hi) = 0, 


Con2, 


pos. 


(3,3) 


1/15(61 + /2) + l/l6(-fi'2) + l/l7(-/i2) = 0, 


Con2, 


pos. 


(3,4) 


Uei-giai) + 1/9(63 + 64 - (i4)(ci - o?i) + 1/10(63 + 6364 - 0^364 - 61) + 








+ 1/11 (-/i) + I/2562O1 = 0, 


Con4, 


pos. 


(7,3) 


1/166-4 + I/I864 + 1/19 + l/2o(/2 - /i4) + l/27(-l) = 0, 


Con2, 


pos. 


(4,6) 


v^d + ((73 — 6i ) + yoo fi + yo^f— 1) + yoA/ii = 0, 


Con2, 


pos. 


(5,3) 


l/l7(-fi'l) + l/22(-/4) + 1/24(5-3 + /^4) = 0, 


Con2, 


pos. 


(5,6) 


l/4(-62) + l/6(-02) + 1/862 + 1/9C?2 = 0, 


Con2, 


pos. 


(7,2) 


1/6 (-1) +1/9(63 + 0^4) =0, 


Con2, 


pos. 


(7,8) 


I/1O2 + 1/2 + 1/4 + I/6O3 + l/lo(-l - O3) = 0, 


Con3, 


pos. 


(1,2) 


1/19/^4 + l/20(-l) + y2h{-92) + l/26(-/i2) + 1/27 = 0, 


Con3, 


pos. 


(6,6) 


l/6(-fi'3/2) + l/l5(-6l5'4 - 62/14) + l/l6(c/2 - (^1) + 








+ l/22(e4(i2 - 6362 - 6264) + l/26(e4C?l - 6361 - 6461) = 0, 


Con4, 


pos. (7,5) 
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The matrix of this system of hnear equations modulo J is 
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Determinant of this matrix is 2^, so it is invertible in R. Therefore this system has the 



unique solution yi 



1/27 



0. Consequently, Xi 



X 



ai 



(1) on the part of basis under 



consideration. Since all roots are conjugate up to the action of W, we have that Xi = Xa^(l) 



on the whole basis. It is clear that also X2 



X. 



(!)• 



Now consider the matrix dx — (pi{hai{t)). The matrix ha-i^{t) is diag[t^, l/t^, l/t, t, t,l/t, 1, 1] 
on the part of basis under consideration. 



Lemma 7. The matrix dt is ha^ (s) for some s & R* 

Proof. For the matrix dt we have conditions dtWs 
Let I > 2 and 

/7ii 7i2 



wsdt, 



dtwi = widf. 



df. 



721 722 



\7a 7/2 



l2l 
111) 



733 = • • • = ll 



on V . 

dfWi = Widt, i > 2, 7ii = • 

1 ^ 733 = • • • = 7h 
, 72,i J = 1,2. 

Every condition dtWi = Widt, i > 2, gives 7u = ■ ■ ■ = 7i-i,i = 7i+i,i ■■ 
the condition dtWidtWi^ — 1 now directly follows 7I3 = ■ • ■ — — 1 - 
Condition dtWi — widt gives that 7^-1 j is linearly expressed via ^yij, j 
dtWs — wsdt gives that 72,^ is linearly expressed via ^yij, j — 1,2. 



7j— l,i 7j+l,i 

1. dtwi = Widt , 7i_i,j 



= 7a = 0. dtWidtWi ^ = 1 
7/j, J = 1,2, . .. , dtW3 = W3dt 



lit 



733 = 
= 1,2, 



= 0. From 

= 111 = 1- 
condition 
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According to the zero corner we can consider the conditions for dt on the part of basis 
vi, v_i,V2, v_2, Vi+2, V-i-2, Vi, V2, as we did it for Xi. 

Since df commutes with all hi, we have that on the part of basis under consideration 



dt^ 





k2 
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m2 




















mg 


1714^ 
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n2 


Vo 



















nj 



We know that X2 = 2^0,2(1) and x\ = (p2{xa2(t)) = dtX2d~[^ = dtX2WidtW^^ . Using these 
conditions we obtain the expression of X2 trough the entries of dt. Then we can use the 
condition Con5 {x\x2 — X2x\ = 0)- position (1,6) gives /ci(/c2 + /cs) = ^ ^2 = — /cs, 
pos. (2,1) gives ki{l^ - ms) = ^ ms = Zs, pos. (2,5) gives + m^) = 0^/3 = 0, 
pos. (5,6) gives k2{l4 + ^ni) = ^ A;2 = 0. From Con6 := {dtWidtW]^^ — 1 = 0) it follows 
kiki^ = lirrii = l^rrii = 1. Using the condition Con7 := {w2dtW2^ — dtWiW2dtW2^Wi^ = 0), we 
obtain 7712 = I2 = (positions (1,2) and (4,3)) and I4 = liki (pos. (1,1))- Position (7,7) of Con6 
gives n\ — (ni + n2)nz — 1, position (3,7) of Con5 gives n\ — (3ni + ^2 — 2^3 — n^n^ — 1. 
Therefore, 77,3 = 0, n\ = 1. After that we clearly infer Ui — — 1, 712 = 0. Finally, position 
(3,4) of Con5 gives ki = 1//^. Denote I//1 by s. 

It is clear that with the help of the elements Wi, i = 3, . . . I, we can define all other diagonal 
elements. Namely, if {ai, ccfe) = p, then (p{hai {t))vk — • Vk, (fiiha^ {t))v-k — • v^k- Whence 
(p{hai{t)) ^ hai{s). □ 

5. Images of the matrices Xai{t), proof of the main theorem. 

It is clear that (p2ihaf.it)) = /iq,^(s), k = 1, . . . ,n. Let us denote the mapping t s hj p : 
R* R*. Note that for t e R* <^2(a:i(t)) = (P2{ha2{t~^)xi{l)ha2{t)) = ha2{s~^)xiil)ha2is) = 
xiis). If t ^ R*, then t G J, i. e. t = l+h, where h e R*. Then (p2ixi{t)) = </72(a;i(l)a;i(ti)) = 
Xi(l)a;i(p(ti)) = Xiil + p(ti)). Therefore, if we extend the mapping p on the whole ring R (by 
the formula p{t) := 1 + p{t — 1), t & R), we have ip2{xi{t)) = Xi{p{t)) for all t & R. It is clear 
that p is injective, additive, multiplicative on all invertible elements. Since every element of R 
is the sum of two invertible elements, we have that p is an isomorphism from R onto some its 
subring R'. Note that in this situation CE{^, R)C~^ = E{(^, R') for some matrix C e GL{V). 
Let us show that R' = R. 

Let us denote the matrix units by Eij. 

Lemma 8. Elementary Chevalley group E[^,R) generates the ring M„(i?). 

Proof. The matrix (xq,^ (1) — 1)^ has the single nonzero element —2 ■ E12. Multiplying it to some 
suitable diagonal matrix we can obtain an arbitrary matrix of the form A • £'12 (since —2 e R* 
and R* generates R) . According to the transitive action of the Weil group on the root system $ 
(for every root ak there exists such an element w & W that w{ai) — ak) the matrix XE12 ■ w 
has the form \Ei^2k, and the matrix w'^ ■ XE12 has the form XE2k-i,2. Moreover, according to 
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the Weil group element that maps the first root to the opposite one, we get an element i?2,i- 
Taking different combinations of the obtained elements, we can get an arbitrary element XE^j, 
1 < ^, J < 2m. Therefore we have always generated the subring M2m{R)- Now let us subtract 
from Xa-i{^) — 1 suitable matrix units, and we obtain the matrix i?2m+i,2 — 2i?i^2m+i + -E'i,2m+2- 
Multiplying its (from the right side) to -^2,*) 1 < < 2m, we get all i?2m+i,i; 1 < < 2m. 
With the help of Weil group elements we have all Eij, 2m < i < 2m + /, 1 < j < 2n. Now 
we have the matrix —2Ei^2m+\ + -E'i,2m+2- Multiplying it (from the left side) to £^2m+i,i, we 
get -E2m+i,2m+i- With the help of two last matrices we have £'i,2m+i! and, therefore, all E'jj, 
1 < i < 2m, 2m < j < 2m + 1. It is clear that now we have all matrix units, i.e. the whole 
matrix ring Mn[R). 

Let us show it for the simplest root system A2. In this case (a;Q^(l) — 1)^ = — 2-Ei2, 
ha2{t){—'2Ei2) — —2tEi2, i.e., we can obtain every XE12. Then WaiXEi2Wai{l)~^ — XE21, 

XE12E21 = XEii, XE21E12 = XE22, Wa.2{X)XEi2 = XEr^2, Wa2{X}XE2l = XEqi, XEr^2E21 = XE51, 
XEqiEi2 = XEq2, XEi2Wa,2il) = XEiq, A-E2iWq,2(1) = XE25, XE21E1Q = XE2Q, XE12E25 = AE15, 

XE51E15 = XE55, XEqiEiq = XEqq, XE51E1Q = Er,Q, XEqiEi^ = Eq^, XEi^Waiil) = XEi3, i — 
1, 2, 5, 6, XEieWaiil) = XEi4, i = 1, 2, 5, 6, Xwai{l)E5i = XEsi, i = 1, 2, 5, 6, Xwai{l)Eei = XEii, 
i = 1,2, 5, 6, XE^iEis = XE43, XE41E14 — XE44, XEsiEis — XE33, XE31EU — XE34, so we have 
all matrix units of the subring Mq{R). 

Then y = a;«,(l) - 1 = -E^ - 2E,y + E^s + ^46 - ^53 + ^73, = y + ^12 - ^46 + ^53 = 
Eis - 2E,7 + E72, (^18 - 2^17 + ^72) ■ XE2i = XEn, i = l,...,Q, {w^,{l) - l)XEn = XEsi, 
i = 1, . . . , 6, y" = y' - £;72 = £^18 - 2£;i7, XEsiy" = A£;88, A£;7iy" = -2A£;77, y"XEss = XE^s, 
y"XEfj — —2XEi7, XEiiEn — XE^i, XE^Ei^ — XE^s, so we have generated the whole ring 
Ms{R). □ 

Lemma 9. If for some C e GL {V) we have CE{^, R)C~^ — E{^, R'), where R' is a subring 
ofR, then R' = R. 

Proof. Suppose that R' is a proper subring of R. 

Then CMn{R)C'^ = Mn{R'), since the group E{^,R) generates the ring Mn{R), and the 
group £"($, Rl) = CE{^, R)C~^ generates the ring Mn{R'). It is impossible, since C G GLn{R). 

□ 

Now we have proved that p is an automorphism of the ring R. Therefore, composition of the 
initial automorphism (p and some basis change with the help of the matrix C e GL„{R) (that 
maps E{^, R) onto itself), is a ring automorphism p. It proves Theorem 1. □ 
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